In the present paper, we proposed a simple spin-1/2 model which provides a exactly solvable example to study the Ising criticality with central charge c = 1/2. By mapping it onto the real Majorana fermions, the Ising critical behavior is explored explicitly, although its bosonized form is not the double frequency sine-Gordon model.
Along the critical line, the DSG model flows from the central charge c=1 Gaussian fixed point to the c=1/2 Ising fixed point according to the Zamolodchikov's c-theorem [5, 6] .
In this paper we will show the mentioned phenomenon also occurs in a simpler dimerized XY (DXY) model. Such a model provides us an exactly solvable example to show how the Ising criticality with central charge c = 1/2 occurs, since its low energy behavior can be described by two real Majorana fermions, one of which becomes massless on some critical line.
The Hamiltonian of the DXY model reads
where S n are the spin operators on the lattice sites n, γ is a parameter describing the anisotropic XY model, and δ being the coupling constant of the dimerized interaction.
It is easy to show that both the anisotropy term and the dimerization term in the DXY model will open a gap 2γ and 2δ, if acting alone, respectively. However if they coexist, as we shall show, the excitation gap will vanish by fine tuning of the parameters δ and γ in the DXY model. This implies the Ising criticality with central charge c = 1/2, which is revealed obviously by transforming the spin operators in DXY model into the real Majorana fields.
Under Jordan-Wigner transformation
which maps spins onto spinless fermions, Eq. (1) becomes
where c n and c † n denote the annihilation and creation operators for a fermion on site n, respectively. In Eq.(4), exp(iπ N l=1 c † l c l ) is conserved and has eigenvalues ±1 which correspond to the cyclic condition and the anticyclic condition, i.e., c 1 = c N +1 and c 1 = −c N +1 , respectively. In the following, we shall focus on the cyclic condition.
For small δ and γ, one can express the fermi operators in terms of the right-moving(R) and left-moving(L) operators near the fermi points
the Hamiltonian density of Eq.(4) then can be represented in the continuum limit (x = na)
For our purposes, we introduce two real Majorana fermi fields ξ
and rewrite Eq.(6) as
Eq. (7) In order to diagonalize the Hamiltonian of Eq. (4), we first consider a more general quadratic form in fermi operators
The Hermiticity of H requires that A be a Hermitian matrix, while the anticommutation relationship among the fermi operators require that B be an antisymmetric matrix. Both A and B are assumed to be real.
Such a Hamiltonian can be reduced to the diagonal form [7]
by a linear transformation
where φ ki and ψ ki , considered as real, are to be determined. This transformation should 
one can easily find
in an matrix notation. Then it is straightforward from Eqs. (13,14) to see that the Ncomponent vectors φ k and ψ k satisfy the following two eigenfunctions
and
respectively, belonging to the eigenvalue E 2 k . For cyclic matrices A and B, it is easy to solve the eigenfunctions (15) or (16). In our case, the relevant matrices are
Then, the Hermitian matrix (A + B)(A − B) reads
which are cyclic with period 2. To show how to calculate the eigenvalue of the matrix of Eq.(19), we consider a general cyclic matrix with period 2, which has the form
It has eigenvectors
with ǫ = exp(ik), k = (2nπ)/N(n = 0, 1, 2, · · · , N) and parameter ξ to be determined, corresponding the eigenvalue λ k . The real φ k and ψ k can be extracted from the real or imaginary part of V k , since the matrice (A ± B)(A ∓ B) are real in our case. Substituting
Eq.(21) into the eigenfunction (M − λ k I)V k = 0, one obtains
For the matrix (A + B)(A − B) we are interested in, the eigenvalues E 2 k are cos
Consequently, the energy spectrum of the Hamiltonian of Eq.(4) are written as
Eqs.(23,24) indicate that the energy spectrum has two branches, one with a gap 2|δ + γ| and the other with a gap 2|δ − γ|, which correspond to the two massive Majorana fermions,
respectively. The exact solution shows unambiguously that one of the excitation gap vanishes when δ = ±γ, where the Ising phase transition occurs.
In summary, in the present paper, we propose a spin-1/2 model DXY chain which provides a simple example to study the Ising criticality with central charge c = 1/2. By mapping it onto the real Majorana fermions and diagonalizing it exactly, the Ising critical behavior is explored explicitly, although its bosonized form is not the DSG model. It seems that the Ising phase transition is quite a general feature for a variety of spin chain systems besides those which can be transformed into the DSG model. 
